Abstract
Introduction
It has a profound and far reaching significance to study the prevention and cure of malignant tumors, not only for decreasing the incidence rate and mortality rate, but also for guiding clinical diagnosis and treatment.
During the formation of tumor spheroids, the tumor cells could change their physiology features, genetic transcription process and proteins expression according to the dynamic cellular microenvironment. Due to the fact that the tumor growth is a complex process that involves a cell cycle, a cell interaction and an extracellular microenvironment, the traditional Cellular Potts Model (CPM) [1] and some other extensions of it [3, 5, 7] were too simple to simulate the dynamic microcosmic process of tumor growth and did not combine different scales to understand the internal principles of tumor growth, diffusion and restriction, causing the following limitations: (1) Their models couldn't simulate the evolutionary process for tumor growth from several cells to a huge spheroid. (2) Their models couldn't simulate the cell interaction and the chemical reaction diffusion process on multiple scales. (3) Their models couldn't determine quantitatively the influence of extracellular and intracellular chemicals on tumor growth [9, 11] . (4) The time consumption will become a problem when there are a huge number of cells.
For mathematical modeling of tumor growth, Jiang et al. [13] proposed a multi-scale cellular model that consisted of a cellular level, a sub-cellular level and an extracellular level by extending the traditional Cellular Potts Model. Because this approach considered more for the influence from the micro chemical environment than that from the growth
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Basic Assumptions
(1) There are three layers from outside to inside of a growth saturated avascular tumor spheroid, which are a proliferating ( ) layer, a quiescent ( ) layer and a necrotic ( ) layer.
(2) There are three levels, which are an extracellular microenvironment level, an intracellular cycle level and a cellular level for tumor growth modeling.
(3) There is a competition for nutrients among the tumor cells, while there is no such competition among the normal cells and the tumor cells.
Extracellular Microenvironment Level
At the extracellular microenvironment level, there are mainly two kinds of chemical substances that could influence the tumor growth, which are the nutrients, i.e. oxygen and glucose, and the Growth Inhibitory Factor (GIF). Although chemicals diffuse usually at different rates among proliferating cells, quiescent cells and necrotic cells, we assume, for simplicity, that: (1) the diffusion constants for concentration fields of oxygen, glucose and GIF are three constants, because the cell position related information is already included in the concentration fields of oxygen, glucose and GIF. (2) Each cell is chemically homogeneous and the cell-culture medium outside the spheroid maintains a constant level of metabolites. (3) The diffusion direction for nutrient concentration fields is from the external medium to the internal necrotic zone, while the diffusion direction for the GIF concentration field is opposite. In this paper, we proposed a new set of piecewise reaction diffusion equations to describe the extracellular microenvironment of the tumor growth, as shown in Eq. (1-3), based on paper [21] .
where ⃗ = ( , , ) is a vector for three dimension coordinates, ( ( ⃗, ), ( ⃗, ), ( ⃗, )) are the concentration fields vectors of (oxygen, glucose, GIF), ( , , ) are the diffusion constants for the concentration fields of (oxygen, glucose, GIF), ( , , ) are the control constants for (oxygen, glucose, GIF), is the number of tumor cells, ( ⃗) = 1 if ⃗ ∈ , otherwise ( ⃗) = 0, and , , are separately the layer, the layer and the layer of an avascular tumor spheroid, ( , , | ∈ { , , }) are the consumption or degradation rates of (oxygen, glucose, GIF), ( | ∈ { , }) is the saturation rate vector of GIF, ( , , ) are the initial concentrations of (oxygen, glucose, GIF), and = is the saturation value of GIF.
Intracellular Cycle Level
At the intracellular cycle level, there are one resting phase G 0 for quiescent cells and four growth phases [24] during a cell cycle, which are the First Growth Phrase (G 1 ), the Synthesis Phase (S), the Second Growth Phase (G 2 ) and the Mitotic Phase (M). During the G 1 phase, if the required proteins and growth are unaccomplished, the cell enters G 0 phase, otherwise it would enter the next S phase of the cell cycle, which was also called a G 1 -S phase transition. In this paper, we proposed a cell cycle control factor to model the key role that played by the G 1 -S phase transition. The proposed cell cycle control factor is defined in Eq. (4), where ( ⃗, ) is a cell cycle control factor of a specific tumor cell, ( ⃗, ) = ( , ) is a concentration field vector of oxygen and glucose, ⃗ = ( , ) is a constant vector for deciding the influence of oxygen and glucose on the local GIF factor level, = ( , ) is a concentration threshold vector of the nutrients, below which the tumor cellular reproduction is inhibited, 0 is a influence constant of cell number on the cell cycle control factor, is a shape parameter for sigmoid function, and is a threshold of cell cycle control factor. 
Cellular Level
At the cellular level, we introduced the proposed cell cycle control factor to combine the extracellular microenvironment, the intracellular cycle and the cellular cycle into the total energy equations [13] to form our finite element (FEM) cellular model, as shown in Eq. (5).
where is the global total mesh surface number, is the total cell number, is the global mesh surface identifier that has value among 1~
, is the cell identifier that has value among 1~
, is the current area of mesh surface , is the current volume of cell while * is its target cell volume, ∈ { , , , , , } is the adhesive coefficient between mesh surface and its neighbor, ∈ { , , } is the coefficient corresponding to the elasticity of the cell volume of , ( ⃗, ) is a cell cycle control factor of the specific tumor cell and is a constant volume amplification factor.
From Eq. (5), we can obtain the total energy change ∆ , as
When a tumor cell grows, the total cellular energy will become smaller and smaller with the increase of cellular surface and cellular volume. It will finally reach a critical point for cell division. The equation at this critical point is
After transposition, simplification and terms combination of Eq. (7), a set of finite element equations of tumor growth can be obtained, as Figure 1 showed an integration of these three cellular levels of our FEM avascular tumor growth model. In the beginning, there is a parameter initialization step which includes: (1) an initialization of diffusion coefficients, initial concentrations, concentration thresholds, and metabolic rates of nutrients and GIF for their , and stages. (2) an initialization of a lattice with a single central tumor cell ( = 1) that described by FEM node structure, edge structure, element structure and cell structure for a specific initial nodes number, such as 18. (3) In Figure 1(a) , the G 1 growth phase refers to the initial cell with a specific volume and the first several steps from FEM tumor growth after the G 1 -S checkpoint that represented by ≤ (⃗⃗⃗⃗, ) ≤ 1. The S growth phase refers to several later FEM growth steps that was located between this G 1 -S checkpoint and the following cell division. During each iteration, we firstly check if the current simulation time exceeded the total required time which was set to 40 days (320 simulation steps) in our experiment. If < , the simulation time will proceed one cell cycle = + 4 that is 12 hours or 4 MCS steps and the current cell number = . The global nutrients concentration ( ⃗, ) and GIF concentration ( ⃗, ) will be obtained by solving the reaction diffusion equations with a numerical differentiation method in the current time. In order to get the cell cycle control factor ( ⃗, ) for each cell, a parameter selection for was conducted with a loose search and a fine search. Then, for each cell in the tumor spheroid that consisted of cells, we computed its cell cycle control factor (⃗⃗⃗⃗, ) with (⃗⃗⃗⃗, ) and (⃗⃗⃗⃗, ). After that, we checked the cell cycle control factor value, if: (1) (⃗⃗⃗⃗, ) ≤ 0, the current cell will become necrotic. (2) 0 < (⃗⃗⃗⃗, ) < , the current cell will become quiescent. (3) ≤ (⃗⃗⃗⃗, ) ≤ 1, a cell volume check was performed. If the current volume is near to its target volume, the cell will be divided into two daughter cells when it was not on the spheroid surface with a radius more than 0.03 cm, otherwise it will shed from this surface with a 20% probability. If the current volume is much smaller than its target volume, the cell will grow one step by solving a set of finite element equations, as shown in Figure  1(b) .
Experiments
Simulation Process
In order to use FEM approach to simulate tumor growth for one step, a Delaunay triangulation was used firstly to get the structure of Node, Edge, Element and Cell and the stiffness matrix [ ] as well as the vector { } was initialized. Then, for each mesh surface or element, we: (1) 
Simulation Conditions
We used the parameters which were derived from our research partner, the Applied Mathematics and Plasma Physics (T-7) group at Los Alamos National Laboratory, of the mouse mammary tumor cells EMT6/Ro in our experiment. The diffusion coefficients of oxygen, glucose and GIF were derived separately from extensive microelectrode measurements, previous experimental determinations and an iterative process that uses a relative scale to fit the experiment data of growth and inhibitory factors for tumor spheroids [13] . We assume that the nutrients metabolic rates of quiescent cells are half of that for proliferating cells and the metabolic rates of necrotic cells are 0, as shown in Table 1 . ), which are: (1) 0.08mM oxygen, 5.5mM glucose, (2) 0.28mM oxygen, 5.5mM glucose, (3) 0.28mM oxygen, 16.5mM glucose, and one initial GIF concentration which was setted to be zero under these three circumstances. Then, we set = 1 , to the adhesive coefficiency , we use almost the same setting: = = 28 , = 24, = = 22, = 0 for , and = 1, = 4, = 0 for , as in [13] . Besides, parameters of and are determined by a set of parameter selection experiments.
Results for Extracellular Microenvironment Level
The supply of nutrients and the accumulation of GIF in the extracellular microenvironment will influence significantly the cell growth both in in vitro and vivo. The tumor growth simulation began with the solving of a set of reaction diffusion equations. So, it will help understand the growth mechanism of avascular tumor if we know the quantitative knowledge of its surrouding chemical microenvironment. A tumor spheroid will grow from a single cell to a multiscale sturcture with a layer, a layer and a layer by using the finite element method for the avascular growth. In our experiment, we seek to simulate the relationship between the oxygen concentration, the glucose concentration, the GIF concentration and the tumor growth time which was set to 40 days. 3D Chemical profiles were obtained then on several critical moments. Firstly, the distribution map of oxygen concentration in tumor spheroid that varies with the simulation time and distance from the spehroid core is shown in Figure 2 , from a1 to a4. It can be seen that there are several key stages of oxygen concentrations during a tumor growth simulation. In the beginning 0-10.5 days, the oxygen concentration drops all the time and the tumor radius increases rapidly. After 10.5 days growth, a constant area of lower oxygen concentration which is near the threshold is formed in the center of tumor spheroid and the radius of this constant area continues to increase until it reaches its maximum value at 19.5 days growth. Between 19.5 days growth and 30 days growth, the oxygen concentration of this lower area shows a little increase. After 30 days growth, the distribution of oxygen concentration reaches a stable status.
Secondly, the distribution map of glucose is shown in Figure 2 , from b1 to b4. It can be seen that the distribution map of glucose is similar with that of oxygen. The only difference between these two nutrients distribution maps lies in the simulation time for such concentration variations. For glucose, 0-13.5 days is its concentration descending period, 13.5-22.5 days is the formation period for its low concentration area, 22.5-31.5 days is a little increase period for the concentration of this lower area and after 31.5 days growth, the distribution of glucose concentration reaches a stable status.
Finally, the distribution map of GIF concentration is shown in Figure 2 , from c1 to c4. In contrast with that of nutrients, both the concentration of GIF and the tumor spheroid radius grow with the simulation time. Besides, there is no such lower or higher constant area for GIF concentration. From the distribution maps of oxygen, glucose, and GIF, we can draw the conclusion that the concentrations of oxygen and gulcose from internal tumor spheroid is lower than that from outer tumor spheroid, while the concentration of GIF is on the opposite. Following analysis shows that these resluts were determined by the chemical diffusion coefficients, the width of exhausted area (also area) and the cell metabolic rate, which would affect the distributions of cell number and cell volume.
Results for Intracellular Cycle Level
To use the cell cycle control factor ( ⃗, ) to control the G 1 -S transition, we must specify firstly model parameters and F THR , which are determined implicitly by specific initial chemical concentrations. In this paper, we performed a two-level parameter selection approach for searching the most suitable parameters and F THR in the value space. In order to caculate ( ⃗, ) and ( ⃗, ) for ( ⃗, ), we firstly solved the chemical reaction diffusion equations. Then, we took the center point between the spheroid center and its surface as ⃗. Last, we took the chemical concentrations at ⃗ of the tumor spheroid as an input of ( ⃗, ) and ( ⃗, ) at the simulation time of 0:30:300 steps.
The final experimental results are = 0.3 and = 0.4381 for initial concentrations of (oxygen, glucose, GIF) at (0.08 mM, 5.5mM, 0 mM), = 0.2 and = 0.5272 for these chemicals concentrations at (0.28mM, 5.5mM, 0 mM), = 0.1 and = 0.4656 for these chemicals concentrations at (0.28mM, 16.5mM, 0 mM).
Once we got the value of and F THR through our parameter selection approach, we can then proceed to simulate the whole tumor growth at the cellular level. Oxygen, 5.5mM Glucose, 0mM GIF)
Results for Cellular Level
We firstly compared our simulation results with Yijiang's simulation results, and then with the actual data we obtained from our partner T-7 group based on two indexes, which are the cell number and the cell volume. To keep growth balance, a cell shedding rate of 20% was also applied to cells at the surface of tumor spheroid if their radiuses exceed a certain value. The results showed our model is more excellent in simulating a tumor growth under a dynamic chemical environment. Figure 3 (c1) to Figure 3 (d3) show the relation between the tumor spheroid volume and simulation steps. According to our experiments, the tumor growth also reaches an earlier volume saturation state at 30 days or 240 steps growth. With the increase of tumor cell number, the cell volume also increases, which shows a more or less the same growth trends. However, as we adopted the cell cycle control factor ( ⃗, ) for deciding the target cell volume, the size of single tumor cell should: (1) be larger with a higher nutrients concentrations, such as at (0.28mM, 16.5mM) than that (0.08mM, 5.5mM), when other conditions remained unchanged. (2) be larger in layer than that in and layer due to the nutrients concentrations decreased from the outer medium to the spheroid core. The Figure 3 showed a agreement with these assumptions and our model performed also well in cell volume simulation.
Conclusion
In this paper, we proposed a multiscale finite element model for the avascular tumor growth based on three distinct scales, which are an extracellular level, an intracellular level and a cellular level. At the extracellular microenvironment level, we proposed a new set of piecewise reaction diffusion equations to describe the extracellular microenvironment of the tumor growth. At the intracellular cycle level, we proposed a cell cycle control factor to model the key role that played by the G 1 -S phase transition. At the cellular level, we introduced the proposed cell cycle control factor to combine the extracellular microenvironment, the intracellular cycle and the cellular cycle into the total energy equations to form our finite element (FEM) cellular model. In the experiments section, we conducted our experiments for the simulation of EMT6/Ro mouse mammary tumor growth. Results showed that the proposed approach outperformed the baseline approach in terms of tumor cell number and tumor cell volume.
